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INTRODUCTION 
This paper deals with a family of properties of a local ring (A, mm, K), 
noetherian and with identity, that are defined in terms of existence of a 
“good basis” for certain syzygies and that turn out to be equivalent to a sort 
of weak regularity for A. More precisely, let T= {zl ,..., zd ,..., z,} be a set of 
elements of mm. For every d, i E N ‘, with 1 < d < n, we define a condition 
(Rf) with respect to T (cf. Definition l.l), consisting in the presence of a 
good basis in syzi (A/(z, ,..., z,)A) of a suitable free resolution of 
A/G, ,..., zn)A, as A-module. 
In this paper, we restrict our attention to the case in which T = {z, ,..., zn) 
is a system of generators (s.0.g.) of IIR, so that the resolution is a free 
resolution of K. 
In such a situation, all the conditions (Rf) coincide, for 2 < i < d + 1; so, 
they simply become a condition, (Rd), on the second syzygy of the Koszul 
complex IK(z , ,..., zn; A) (cf. Theorem 3.3). The main result is the charac- 
terization of the local rings (A, 98, K), which are (Rd) with respect to some 
s.o.g. of mm, as those rings with at least a regular quotient A/p, of dimension 
d (cf. Theorems 2.5 and 2.7). In particular, a local domain of dimension d is 
(Rd), for some s.o.g. of !JJI, iff it is regular. So, if A is the local ring of an 
algebraic variety at a point P, it is (Rd) with respect to some s.o.g. of W, iff 
there is a subvariety W of V, of dimension d, that is regular at P. 
We prove also that, if A is (Rd) with respect to a s.o.g. of %X, then it is 
(Rd) with respect to a minimal one, too. Moreover, in the special case in 
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which d = dim A, we can choose a minimal system where the first d elements 
are a system of parameters. 
Finally, we prove, by a direct computation, that a ring (A, I1J1, K) which is 
(Rd), d = dim A, verities Hochster’s canonical element conjecture. 
Through this paper all rings are local, noetherian, with identity, and we 
will use the abbreviations: 
s.0.g. = system of generators, 
m.s.0.g. = minimal system of generators, 
s.0.p. = system of parameters. 
1 
Let A be a local ring and z = {z , ,..., z”} a set of non-invertible elements of 
A ; we will denote by IK(z; A) the Koszul complex with respect to z, i.e., 
where A ‘A” is the free A-module generated by ej, A ..a A eji, for 
1 <j, < *** < ji < n, and 
a(f?j, A ***  A f?jJ = fJ  t-l)‘+ lzj,ej, *  
.  .  .  A gj, A *  -  -  A C?ji 
r=1 
(” means “dropped”). 
Let i and d be two integers such that 1 < i < d < n; then we will write 
where, as usual, AiAd is the free A-module generated by ej, A . .. A eji for 
l<j,< . . . < j .  < d and T!“qd’ is its complementary module in A’A”, i.e., 
c “3d’ is the fred i-module gknerated by ej, A . . . A ej, for 1 Q j, < . . * < ji < n 
and ji > d. 
When we refer to a free resolution of A/(z)A, we will always consider a 
resolution which contains as a direct summand the Koszul complex IK(z; A). 
In particular, such a resolution can be obtained from IK(z; A) by Tate’s 
method of killing cycles (see [4] for details), and can be written: 
P’(A/((z)A): . ..A’A”@++ .a. +A2A”@F2 
*A”+A+A/(z)A+O. (*) 
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When we talk about the ith module of syzygies of A/(z)A, we mean: 
SYZA(A/(Z)A ) = Ker(ai- 1) = Im(ai), 
with respect to PA(A/(z)A). 
DEFINITION 1.1. Let z = (z, ,..., zd ,..., zn} be a sequence of non-invertible 
elements of a local ring (A, YJ?, K). A is said to be (Rp) with respect to z, 
where 1 <d < n, if there exists a resolution PA(A/(z)A) and a system of 
generators of syzft(A/(z)A), as an A-module, whose elements have the form: 
I. a, = a,.~~, for some xi E /iiA”, and 
II a. =A. +,u. where A. E T!Tqd’ * I I 1) I 1 , ,PiEF,-,. 
Remark 1.2. The previous condition is trivially verified for i = 1, or 
i > d + 1, but for 2 < i < d + 1 it is not generally true. Of course, if z is an 
A-sequence, because of the well-known acyclicity of IK(z;A), A is (Rf) with 
respect to z, for any i, d. 
The following proposition gives the behaviour of property (Rf), with 
respect to faithfully flat morphisms. 
PROPOSITION 1.3. Let f: A + B be a faithfully flat morphism of local 
rings: then A is (Rf) with respect to z = {z,,..., z,,} lrB is (Ry) with respect 
fo f(z) = (f(Z~),--~ f(z,),***, f(z,))* 
Proof. First we observe that a projective resolution IpA(A/(z)A) gives 
rise to a projective resolution [P’(B,/(f(z)B) by tensoring with B, so that, by 
faithful flatness, we get 
syz: (A/(z)A) @ B 1: syz;(B/(f(z)B). 
Then, let us denote by A4 and M’ the submodules of syzA(A/(z)A) and 
syzB(B/(f (z) B), respectively, generated by the elements satisfying conditions 
(I) and (II) of Definition 1.1; we have: M’ = M @A B. 
Now the conclusion follows since from A4 = syzi(A/(z)A); we get M’ = 
s~zi@lWP) and from M’ = syzb(B/(f (z)B) = syzft(A/(z)A) Oa B, by 
faithful flatness, we get M = syzft (A/(z)A ). 
Remark 1.4. We will use Proposition 1.3 mainly for B = a. 
Now we will restrict our attention to condition (Rf). Next we will show 
that, with respect to a system of generators of the maximal ideal, this 
condition is equivalent to (Rf), for every i (cf. Theorem 3.3). 
The next proposition answers the question: If A is (R$) with respect to 
T= {z ,,..., zd ,..., z,}, how can we “modify” T, without affecting property 
(Rd. S  ? ome special cases will be used later. 
496 MASSAZA AND RAGUSA 
PROPOSITION 1.5. Let (A, 9&K) be R:‘) with respect to T= {z ,,..., z,}; 
then A is also (Rff) with respect to 
T, = {zl ,..., z!” = uzi ,..., z,}, for u6CtUl, l<i<n; 
T, = {z, ,..., z;” = zi + Azj ,..., z,,] for 1 < i < d, 
l<j,<d, i#j and 1EA; 
T, = {zl ,..., z;” = zi + Izj ,..., zn} for 1 <i< n, 
i#j,d+l<j<nandIEA. 
Proof. We will use the following resolutions: 
p: . . . + 6 Ae; -% A + A/(z, ,..., z,)A + 0, 
*= I 
where a’(e;) = zI, and 
n 
IP,: ... + @ hsA +A/@, 
I=1 
,..., zlk’ ,..., z,)A -, 0, 
where aCk’(e,) = zI, for t # i, and aCk’(ei) = zik’, k = 1,2, 3. Let us take: 
aleI + ... + anen E syz:(A/(z, ,..., zjk) ,..., z,)A); this implies: a,z, + 1.. + 
aizjk’ + . . . + a,z, = 0. 
Now, the hypothesis gives rise to three different cases: 
(i) k = 1: a,e; + 1 . . + a,ue; + . . . + aneh = C:=d+l b,e: + 
a’(C , Gr<sCn c,,e; A zi), for 1 < i < n; from this we get relations between the 
a’s and the c’s (different ones according to i < d or i > d + 1); if we set 
C 
(I’_ rs - cr-s 
c;y = 24 - ‘c,, 
an easy computation shows that 
for r, s # i, 
for r = i or s = i, 
aleI + ... + aded = i bj”e, + a’” x 
t=d+ I 
(ii) k = 2: alei + . . . + a,e{ + . . . + (aj + kai) ej + . . . a,e; = 
2:-d+ 1 b,4 + a’(C)f<r<s<n rs r c e’ A ei), for 1 Q i < d, 1 <j < d, i # j; from 
this again we get some relations between the a’s and the c’s, so that, setting 
p - rs - cr, 
cli” = cij, 
d2’ = cjs -his JS 
for r, s # j, 
for i < s, 
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for i > s, 
for i > r, 
for i < I, 
a straightforward computation shows that 
(iii) k = 3: a,e’, + . . . + aie{ + . . . (aj + GUI) ej + . * * a,ei = 
CL+ 1 0; + WC ,~r<s4nclse~~e~),for1~i&n,d+l~j~n,i#j.S~, 
it is not hard to show that 
aleI + e-. +u,e,= f 
f=d+l 
+ ZjA 
and if we remark that 
zje, = Ztej + ac3'(f?j A e,), i # t, 
and recall that: j > d + I, we can conclude: 
ulel + .-. + aded= i bj3’e, + a”’ 1 
f=d+ 1 1<r<s<n 
This proves that A is (Rf) with respect to T,, T, and T3. 
By applying many times Proposition 1.5, we get: 
COROLLARY 1.6. Let (A, W, K) be (Rf) with respect to T= {z~,..., z,,}, 
which is a system of generators of ‘3.V. Then A is (Rf) with respect to T’ = 
{z, + u1 ,.--, z, + u,}, where, 
for l<i<d: vi E (z, )...) z; )..., z,)A (in particular: vi E mm’), 
for d+ l<i<n: ui E (zd+ 1 ,..., z; ,..., z,)A. 
Remark 1.7. The conclusion of Corollary 1.6 is no more true if, for 
d + 1 < i < n, ui 6? (zd+ 1 ,..., zn)A, even if it belongs to !Nh, for some h > 2. 
In fact let us consider A = K[X, Y, Z]/(XY) = K[x, y, z]. It is possible to 
verify, by a direct computation (see also Proposition 2.6 and Theorem 2.5) 
that A is (Rz) with respect to {x, z, y}, but it is not so with respect to 
(x, z, y + xhz), for every h > 2. 
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2 
The aim of this section is to characterize those local rings (A, mm, K) 
which are (R$ with respect to some system of generators of IIR, for a fixed 
dEN+. 
First of all, let us remark that a ring (A, ‘VI, K) may be (Rf) with respect 
to some system of generators of W, and it may not with respect to some 
other one, as we can see in the following examples: 
EXAMPLE 2.1. A = K[X, Y, Zl/(X - Y) = K[x, y, z] is regular, so A is 
(R;) with respect to any regular system of parameters and for every d. 
However, it is not difftcult to verify that it is not (R:) with respect to 
{XT Y,Zl. 
EXAMPLE 2.2. A = K[X, Y, Z]/(X’ - Y”) = K[x, y, z] is easily proved 
(either by direct computation or by applying later results (Theorem 2.5)) to 
be (Ri) with respect to T, = {z, y, x - y}, but not (I?:) with respect to T, = 
{x, y,x}. Let us observe that both T, and T, are minimal systems of 
generators of the maximal ideal. 
The next proposition gives a link between a system of generators of the 
maximal ideal !CII, say, T, with respect to which A is (R$), and the minimal 
systems of generators of !VI contained in T. A more precise relation will be 
given later (cf. Proposition 2.8). 
PROPOSITION 2.3. Let (A, !JJI, K) be a local ring of embedding dimension 
n, in which (R;) holds with respect to a s.o.g. of !.I& say, T = 
12 1 ,.**, zd,-**, Z,+h }. Then {z , ,..., zd\ is a subset of any m.s.o.g. of !QI contained 
in T. 
Proof: Let T’ = {g,,..., g,) be a m.s.o.g. of !JJI, contained in T. Let us 
suppose {z, ,..., zd} is not a subset of T’; then we can find zi, 1 < i < d, 
zi 6Z T’, so that 
n 
Zi= C ajgj and zi# gj, 1 <j<n.- 
j=l 
From the free resolution 
n+h 
. . . + @ Aej-%A-+K, 
j=l 
where a(ej) = Zj, we get 
ei - 9 ajej, E SYZ:(K), 
I=1 
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where a(e,,) = g, (j, # i, for t = l,..., n). So, condition (I@ implies 
nth 
ei - C a,ej,= C btet + 3 C 
j&d f=dtl l(r<s<nth 
but this is clearly impossible, because i < d, i # j,, for every t, implies that 
the ith component is invertible in the left side, while it is not invertible in the 
right one. 
Since we will often use the trick of passing from (A, !UI,K) to its 
completion (A, !I&, K) we will need the following lemma, on the structure of a 
complete local ring. 
LEMMA 2.4. Let (A, %U, K) be a complete local ring and (g, ,..., g,} a 
m.s.o.g. of %U. Then it is possible to represent A in one of the following forms: 
(i) A = (S, %)/I = KIX, ,..., X,JJ/I = Klx, ,..., x,,lJ, where K is a field, 
I < ‘ill* and {g, ,..., g,) = (x1 ,..., x,}; 
(ii) A = (S, %)/I = D[X, ,..., X,-,1/Z = Dix,,..., xnWI], where (D, p) 
is a complete D.V.R. with parameter a prime integer p, I < W2 and 
18 , ,...> g, } = Ix, ,***, x,- 1, p + B}, for some d E (p’, x1 ,..., x,-~); 
(iii) A = (S, R)/I= DI[X, ,..., X,1/I= D[xx, ,..., x,i, where again (D, p) 
is a complete D.V.R., I = (p + 8, J), for d E (p*,X ,,..., X,,), JE !R* and 
(g , ,.*a, s,,) = Ix1 ,*-*,xnl. 
Proo$ By Cohen’s structure theorem, A can be represented as A = 
CUY, ,*-., yh]/J = (s, WI/J, with J< W2, where C is a Cohen’s ring. Let us 
distinguish the following possibilities, which will give rise to the different 
cases of the statement: 
(i) C is a field, h = n; then 
A = (S, %)/I = KI[Y, ,..., Y&I, Z<P; 
(ii) C is a complete D.V.R. (D, p), h = n - 1; then 
A = (S, W)/Z= D[Y I,..., Y,-,1/Z, I<%*; 
(iii) C is neither a field nor a D.V.R.; then [8, Proposition 2, p. 511 
A = (S, g) = C(IY, ,..., Y,,- ,1/J= Diz,,..., Z,]/(u, J), 
where (0, p) is a complete D.V.R., J < R* and u E R - W2. 
Now let {@, ,..., @,} be a lifting of {g, ,..., g,} to S. Since @r ,..., @. are 
linearly independent in !R/‘312’, they are a regular system of parameters 
(r.s.0.p.) for S in cases (i) and (ii) and they can be completed to a r.s.o.p. 
I u, @, ,***, @,} in case (iii). 
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In case (i), it is well known (cf. [9, vol. II, p. 3071) that S can be 
represented as S = Xl@, ,..., @,,I, and from this statement (i) follows 
immediately. 
As for cases (ii) and (iii), let’s prove that, if S = D(IZ, ,..., Z,] is a 
complete local ring, with {X,, ,... ,Xh} as a r.s.o.p., then S =D[X, ,..., X,1, 
where X0 = p + B for some 4 E (p’, X, ,..., X,). In fact, we have 
xi = uip + U&Z, + * * * + UihZh + z*), i = O,..., h, 
where XI*’ E 8’ and ui, ai, are invertible elements of D. Taking these 
relations modulo !lI*, we get 
Xi=uip+ai,z,+*** +a&, i = O,..., h. 
Since {X0 ,...,x,} is a basis of 8/R* as a K vector space, it follows that 
- - 
det + 0, 
- - 
which implies that 
is invertible in A. In particular, there exists in the first column at least an 
element whose complement is invertible; let us suppose this element to be 
u. = 1, so that 
a,, a*. ulh 
. . . . . . . . . 
uhl *** uhh 
is invertible. This implies (cf. 19, Vol. II, Corollary 2, p. 1371) that, if we set 
xi=uip+x;, i = O,..., h, 
the map f(Z, ,..., Z,) + f(X’, ,..., Xi) is an automorphism of S, so that 
DIP, ,..., Z,] N D[X; ,..., XAl. Moreover, the map f(X; ,..., Xi) -f(X, ,..., X,) 
is an automorphism too, as uip E pD and D is complete; so: S = 
DUX, ,..., X,1. Now, from 
X0 = p + b,,X; + ... + b,,X; +X;“, x’*’ E w* 0 7 
xi=uip+x; (i = l,..., h), 
(1) 
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we get 
&I = (1 - Ulb,, - u*b,, - *** - U”b,,)P + b, 8 E (P’, x, >..., x/J, 
where (1 - ~,b,, - ... - u*b,,,) is invertible, since it is the determinant of 
(1) modW*. So, up to some invertible, X,= p +8, d E (p*,X ,,..., X,). 
Now, to complete the proof, it is enough to take {X, ,..., X,} = {CD r ,..., @,} in 
case (ii) and (X0 ,..., X,} = {u, @, ,..., @“} is case (iii). 
THEOREM 2.5. Let (A, m, K) be a local ring, of embedding dimension n, 
which is (Rt) with respect to a s.o.g. of 9JI, say, T= {zl ,..., zd ,..., z,+,,j; then 
there exists p E Spec A, dim Alp = d, such that Alp is regular. Moreover, we 
can take as such a p any ideal generated by a subset (z&+, ,...,zL}, of 
(2 d+ ,,..., z,+,,}, such that {z ,,..., zd, z&+, ,..., 2;) is a m.s.o.g. of 9.X. 
Proof. By Proposition 2.3, any m.s.o.g. of !I& contained in T, contains 
P I ,..., zd}. Let T’ = {zI ,..., zd, z d+l,..., zn} be such a minimal system; by 
Proposition 1.3, (a, @, K) is (Rf) with respect to the same set T and, 
obviously, T’ is a m.s.o.g. of a. Now, let us represent a as in Lemma 2.4, 
taking ( g, ,..., g, ) = {z r ,..., zn } and setting 
X,-p+@ in case (ii), 
and 
X,+,=p+@ in case (iii), 
X -0 n+1- in cases (i) and (ii). 
Any element in S can be written as: f = a,ph +x where 
in cases(i) and(iii), 
3E w, ,...,xn-,> in case (ii), 
and we will assume p = 0 in case (i), or also, f = (p + B)h +f’, where again 
f’ E (~1,...,~“) in cases (i) and (iii), 
f’ E w, >***, X,-A in cases (ii), 
and in case (i) we will assume p + @ = 0. Moreover, in case (iii), if 
(g I ,..., g,) is a ,s.o.g. of J, and {f, ,,.., g”,} is its image modX,+, , to each 
gi=Ca. X:’ I,. .i, . . + Xf; in S/(X, + r) we can associate fi = ai,. . i,Xi,1 -. . X> 
&S. Now, it is easy to see that jfi,..., f,} generate an idea! J’, such that 
n+,, J’)= Vn+l, J), and J’ G 9I . So, let us substitute J wtth J’ and call 
{Z , ,..., Z,} the set {X, ,..., X,}, ordered in such a way that zi = zi (,,-” 
means: mod. I). 
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First we consider cases (i) and (iii). 
Thefi’s can be represented as 
A= 2 fjizi, (2) 
i=l 
wherehi, 1 < i < d, does not contain any of Zd+ , ,..., Z, . Now, in a minimal 
free resolution, 
where a(ei) = zi, 1 < i < n, we get 
j = l,..., r. 
According to property @if), we must have 
,f $iei= 2 bj,,,e,,, + 3 ( )J 
i= I m=d+ I 1<r<s<?l 
clJ)e, A es) , (3) 
which implies 
xi = -zi c$)z, + C CI:‘Zs + bjiy (4) 
s>i 
where 1 < i < n, 1 < j < r and bji = 0 for i & d. Lifting relations (4) to S, we 
have 
where 1 < i < n, 1 < j < r and (?g’ = c$‘, gji = bji. From these relations, we 
obtain 
since CrzI (--&[ C$Z,Zi + C,,i Cji’Z,Zi) = 0. 
Now, let 
(6) 
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where ~4’~~’ does not contain any Z,, for m > d + 1. Relation (6) implies 
f &Zi = i f V,‘j‘“Z, i f,,z,, j = l,..., r, 
ikl i=l I=I m=l 
(7) 
which can be viewed as an homogeneous system with respect to the variables 
Fi = Cy= 1 hi Zi ; precise1 y, 
As the determinant of its coefficient matrix is invertible in S, the only 
solution is Fi = 0, j = l,..., r. This means fj = CFzd+, fjiZi, that is, J s 
(Z,, , T--.3 z,>; so 
which is a prime ideal of height n -d in case (i) and n - d + 1 in case (iii). 
In case (ii), let us write 
“fj =j”i,x, + .** +J& j = l,..., r, (10) 
where 5, = ujX>, uj either 0 or 1 and hj > 1, as I G fl’. Relations (10) can 
also be written: 
fi=j& + *** +.&z,, (11) 
where the fj,Zi)s are the jjiXi’S arranged in different order, so that Zi = zi. 
Moreover, we can choose the&,‘s, i < d,&, #J,, in such a way that they do 
not contain any Z,, m>,dt 1, Z,#X,,. 
Now we just remark that an equality of the form: 
n-1 n-1 
(p + a)” C UiXi = (p + B)h’ C a:Xi, 
i=l i=l 
where a, ,..., a,,, and a{ ,..., a; do not contain any of the variables 
X m+ , ,.**, X n-,, holds ifI’z 
h = h’, a,xl + *-. +a,X,=a;X,+... +ahX, 
and 
a x,+,+**. mt1 +a,-,x,-, =&+,X,+, + .‘. +a:,-,X,_,. 
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So, we can work as in the previous case, again finding 
z G (Zdf 1 )...) Z,) = P. (12) 
Now, fi = P/Z = (zd+ 1 ,..., ~,,)a is such that p = @ nA = (zd+ 1 ,..., z,)A, since 
Z d+, ,..., z, are elements of A and a is faithfully flat on A. Hence it follows 
that (A/p)l =d/fi = S/P is a regular ring of dimension d; so, also A/p is 
regular, of dimension d, and p = (zd+ 1 ,..., z,JA, where z, ,..., zd ,..., z, is a 
m.s.0.g. of W. 
To establish a converse of the previous theorem, we need the following: 
PROPOSITION 2.6. Let (A, ‘!UI, K) be a local ring such that A = S/Z, 
where (S, ‘3) is a regular ring, having {Z, ,..., Z, ,..., Z,} as a regular s.o.p. 
and Z G (Zd+, ,..., Z,). Then A is (Ri) with respect to z = (z, ,..., zd ,..., z,,}, 
where zi = Zi, mod I. 
ProoJ: Letf, ,..., f, be a minimal s.o.g. of I, wherefj= CyCf=d+, ajiZi; we 
have the following minimal free resolution of A, as an S-module: 
r 
lPs(A) ..- -, @ Se+S+S/Z=A-*O, 
j=l 
where a(ej) = 4. 
Now, let’s consider the following isomorphisms: 
H,(IK(z;A))=H*(IK(Z;S)@,A)=Tor~(K,A) 
= H,(k @ F’s(A)) = K 0 [P;(A). 
The isomorphism K @ IPi = H,(IK(z; A)) can be realized by the following 
diagram: 
f 
K@, S'tS@a St S”B~ S’ e . . . 
1 1 1 
KO,S+S@,St S”B~S t... 
1 1 1 
KO,A + S@,A t 6 SejBaA +- . . . 
1 1 
j=1 
1 
0 0 0 
in which the 
following the 
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image of the generic element CI=i 6, @ e: E K @ S’ is given, 
boldface arrows and with the usual identifications, by 
where “-” means “image in A.” So, every element of syz:(K) differs from a 
boundary by an elements of p$qd). This completes the proof. 
THEOREM 2.1. Suppose that there exists a prime ideal p E 
Spec(A, 9Jl, K), such that dim A/p = d and A/p is regular; then A is (R:‘) 
with respect to a m.s.o.g. of YJI, {z ,,..., zd ,..., z,,}, with p = (zd+ 1 ,..., z,)A. 
Proof. The hypothesis implies that A/@ is regular, of dimension d. Let 
a = S/Z be a representation of a as a quotient of a complete regular local 
ring (S, ‘8). If P is the lifting of fi to S, then P 2 Z and S/P N a/@ is regular, 
so that 17, Theorem 34, p. 1211 there is a r.s.o.p. of S, say, {Z ,,..., Z,}, such 
that P = (Z,, , ,..., Z,)S. By Proposition 2.6, we have then that a is (Ri) 
with respect to {zi ,..., zd ,..., z,,}, where zi is the image of Zi in a. Now, fi is 
the topological closure of p in d; so we can find z&+,,..., z: in p, with 
z; - zi E a*, i = d + l,..., n. If {Z&+ 1 ,..., ZL) is a lifting to S of {z&+, ,..., zh}, 
then Zi - Z; E %*, which implies that {Z ,,..., Z&+, ,..., Z;} is still a r.s.o.p. of 
S and Z&+ , ,..., Z; E P; so, (Z&+ , ,..., Zi)S is a prime ideal of height n - d, 
contained in P, and this implies: P = (Z&+ , ,...,ZL)S. Again, Proposition 2.6 
says that a is (R:) with respect to {zl ,..., zd, z&+ ,,..., z;}. Moreover, since a 
is the Wclosure of A, there exist z;,..., zh E A, such that z: -zi E W*, 
i = l,..., d. So, by Corollary 1.6, we get that A is (R$) also with respect to 
{z; ,..-, z&3 z&+ , ,a**, zk}, with zj E A, i = l,..., n; by Proposition 1.3, A is (Rff) 
with respect to the same system. 
Now, let’s remark that if A is (Rt) with respect to a s.o.g. of W, say T = 
iz 1 ,..., Id ,.-., z,+,,}, then, by Theorem 2.5, any m.s.o.g. of !IJI, contained in T, 
has the form T’ = {z ,,..., zd, zd+i ,..., zn} and p = (zdfl ,..., z,)A is a prime 
ideal such that A/p is regular, of dimension d. Then, by Theorem 2.7, A is 
(R:) also with respect to {zi ,..., zd ,..., zn}. So, we can state: 
PROPOSITION 2.8. Zf (A, W, K) is (R:) with respect to a s.o.g. of YJI, 
iz , ,..., zd’“-’ z,+,, , } then any m.s.o.g. of !JJl, contained in T, has the form: 
T’ = (z ,,..., zd, ud+ ,,..., un}, where (u~+~ ,..., u”} E {z~+~ ,..., z,,+~}, and A is 
(Ri) with respect to T’. 
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Remark 2.9. If (A, W, K) is (Rt) with respect to a m.s.o.g. of W, T = 
P * ,***, z~,..., zn}, it is not generally (R:) with respect to a set T’ II T. A 
trivial example can be found by choosing T’ = {z, ,..., z,, zl}; in fact, from 
the free resolution: 
where a(ei) =zi, i= l,..., IZ, and a(e,+,) = z, , we get e, -e,+ , E syz:(K), 
while it is impossible to have e, = Cy=+i+, bi e, + a(C 1 Gr< s c n + 1 ars e, A e,). 
However, if A is (Rff) with respect to T, then it is (R;) with respect to some 
well chosen T’ =I T, for instance, it is easy to see that A is (Rf) with respect 
to T’ = {z, ,..., zd ,..., z,, z,z,}. 
Remark 2.10. If (A, !JJ, K), dim A = d, is (Rf) with respect to a m.s.o.g. 
of YJI, {zi ,..., zd ,..., z”}, then {z ,,..., zd} is not necessarily a s.o.p. of A. For 
instance, let us consider A = 01X, Y!j/(XI, + YI,) = D[x, y], where (D, p) is 
a D.V.R., I, = (JJ + Y) and I, = (p, Y). By Proposition 2.6, A is (Rf) with 
respect to {p, x, v}, but p is not a parameter (because any parameter must 
have the form ph +f(x, y), where f is a non-zero series containing x; 
however, we can state the following: 
PROPOSITION 2.11. Zf (A, ‘$I, K) is (R:) with respect to a s.o.g. of %R, 
dim A = d, then A is (R;) with respect to a minimal one, say {z, ,..., zd ,..., zn}, 
where {z, ,..., zd} is a s.0.p. 
Proof: Of course, we can assume d # 0. By Proposition 2.8, A is (Rt) 
with respect to a m.s.o.g. of 213, say, {xi ,..., xd ,..., x,}. Let (p, ,..., p,} be the 
minimal primes of A. If x1 & UT= 1 pi, we set z, =x,, if x, E p, ,..., pj and 
X @ Pj+ 1,-., P, we set zI =x1 + Ci=, a,, where as g Ps and 
a,E pln.ae n@, .a. n p,n IDl* (such an a, exists, for every s, because 
p,17... n$,n... np,.nW2&pPs, as pi@p,, for i#s, and !lJI*&p, 
(d # 0)). With this choice, z, @ UT=, pi, so that ht(z,) = 1 and x1 -z, E !J.R*. 
Now, we go on similarly with xp , considering the minimal primes of (z i): we 
can choose z2 so that ht(z,, z2) = 2 and z2 -x2 E 33’. After d steps, we 
obtain {zi ,..., zd}, with ht(z , ,..., zd) = d and zi -xi E 9J12, i = l,..., d. So, 
z, ,..., zd is a s.o.p. and, by Corollary 1.6, A is (Rg) with respect to {z, ,..., zd. 
Xd+ 1 ,--., XIII. 
Theorems 2.5 and 2.7 give a characterization of the local rings (A, 98, K) 
which are (R;‘) with respect to some minimal s.o.g. of !lJI, in terms of 
regularity of their quotients. In particular, we have: 
COROLLARY 2.12. A local ring (A, I1R, K), dim A = d, is (Ri) with 
respect to some (minimal) s.o.g. of !UI, 13 there exists (at least) a prime p, 
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h + p = d, such that A/p is regular. In particular, a domain of dimension d is 
(R:) tfl it is regular. 
COROLLARY 2.13. When (A, m, K) is the local ring of an algebraic 
variety V at a point P, the maximal number d, such that A is (Rf) with 
respect to a (minimal) s.o.g. of %N, is the largest dimension of a subvariety 
W, regular at P. 
We give now two examples, just to show that a local ring of dimension d 
may be (K-l) and not (R!), and that there are local rings which are not 
even (Ri- ‘) with respect to any s.o.g. of their maximal ideal. 
Example 2.14. Let us consider A = KIX, Y, 21/(X’ - Y’) = S/I, where 
dim A = 2, emb. dim A = 3. A is not (R:) with respect to any s.o.g. of 
(x, y, z)A, as A is a not regular domain. However, A is (Ri) with respect to 
{z, x, y}, as ZG (X, Y); in other words, the corresponding variety is not 
regular at the origin, but there is a subvariety, of codimension 1, which is 
regular at the origin (the line x = y = 0, for instance). 
More generally, if d = dim A, and A is the local ring of a cylinder, 
projecting a subvariety of dimension 6, then A is (R:-‘), with respect to 
some s.0.g. of m. 
EXAMPLE 2.15. Let (A, IIR, K), dim A = d, be the local ring of an 
algebraic variety at a point P, that is singular, but factorial. Then, any prime 
p of height 1 is principal, so that A/p is still non-regular; this means, by 
Theorem 2.5, that A is not (R-l) with respect to any s.o.g. of !I& In 
particular, for d = 2, we have examples of local rings which are not (Rk), for 
every i, with respect to any s.o.g. of 9.R (e.g., A = K[X, Y, Z]l/I, where Z = 
(X2 + Y3 + Z’)). 
Remark 2.16. Using Theorems 2.5 and 2.7, it is easy to see that the 
existence of a s.o.g. of mm, with respect to which (A, I1R, K) is (R$), can be 
transferred from A to a (cf. Proposition 1.3), but not from A to A. For 
instance, A = (K]X, Y]/(X2 - Y2 + Y3))(,,,, is a not regular domain, so it is 
not (Rj) with respect to any s.o.g. of the maximal ideal; but a = 
K[X, Yj/(X’ - Y2 + Y’) is (R:), because there are two minimal primes: pi = 
(X - y + ,,)A, p2 = (X - y + ~,)a, pi E (x, y)’ (i = 1,2), such that A/pi is 
regular. 
3 
The main result of this section is that every local ring (A, mm, K) is (Rt) 
with respect to a s.o.g. of !N iff it is (Ry) with respect to the same system, for 
every j E N +. We will use this fact to verify, by a direct computation, that 
any such a ring satisfies Hocster’s canonical element conjecture (cf. [4]). 
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THEOREM 3.1. Let (A, !.Ul, K) be (Rt) with respect to a s.o.g. of !Ul; then 
it is (Ry), for every j, with respect to the same s.o.g. 
Proof: First of all, we observe that it is enough to prove the theorem for 
a complete local ring. In fact, if A is (Rf) with respect to T= 
z~,..., zn}, s.o.g. of !IJ& then A is (Rt) with respect to the same set T 
ih:&osition 1.3), which is a s.o.g. of ‘@. ‘So, if the theorem is true in the 
complete local case, A is (Rq), j > i, with respect to T, which is contained in 
A; still by Proposition 1.3, A is (Rid), too. So, let us suppose A to be 
complete, T to be a m.s.o.g. of YJI (cf. Proposition 2.11) and A = S/I, 
according to Lemma 2.4, in which {g, ,..., g,} is replaced by T. 
We first deal with cases (i) and (iii) of Lemma 2.4, in which 
T = lzl ,..., zn} = {x1 ,...,x,}. By induction, it is sufficient to show that if A is 
(Ry) with respect to T, then it is also (Rf+ ,) with respect to T. Every element 
in syzy’(K) is of the form Ji +fi, where Ai E A’A” and& = z b,uii E F,, 
for some free basis uij of Fi, and ai@, +fi) = 0. Consequently, aili must be 
a linear combination, with coefficients in IK(z; A), of the elements aiuij; by 
the inductive hypothesis, we get 
for ai E K(z; A). (13) 
Let us write 
;li= c Ej,.. .jiej, A “’ A ej, 
1 <jr< . <j&d 
+ c Cj,. .jiej, A .” A eji, (14) 
I<j,<...<ji<n 
j,>d 
with aj,. . .j,, Fji. . . j  E A. Since we are interested in the form of Ai module the 
boundaries of the ‘Koszul complex, without any loss of generality, we can 
suppose Cj,, . .ji to be the image in A of a formal power series Cl,. . .j,E 
KUX, ,***, XJ (respectively D[X, ,..., X,,] in case (iii)), in which the variables 
X d+,,..., X,, do not appear. In fact, it is enough to note the following 
equalities: 
x e. ‘.. eji=ait,erAej, A..- Aej.+Pte,, 
t JI 
forsome/3,EA’-‘A”andforeveryt>d, l<j,<...<ji<d.So,weget 
ai = ,(i,.sim,Sd ( zd (-l)“sFj~.~.~.~~ji~~x~ , 
StJ ,,... .ji-, 
+ 2 ai,.. .ji_,,Xs ej,A a.0 A ejim, + i &et9 (15) 
s>d t=dt 1 
where p, E A’-‘A” and n, = number OfJ9S preceding s in j, a.. s *** ji- 1. 
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Now, let us compare (12) and (14); we get 
\’ (-)“‘Cj ,... s...ii-,xs + 2 @j,.. .ji-,xs=oY 
s<d s>d 
s*j,,...,.i-, 
for every 1 <j, < .a. <ji-, ,<d; so: 
\’ (-l)“scj,. . .s.. .jim, X, + x aj,. . .jim, X, E 1 G (xd+ 1 F.**y X,)* 
s<d s>d 
s+j,. . .ji-, 
Since the c’s do not contain the variables X,, 1 ,..., X,, we have 
\' 
s?d 
(-l)nsCj ,... s...jim,xs=oY 
s#il....Jml 
for 1 <j, < .a. <jipI &d. (16) 
From (16), we obtain that every c,, . . .li E (X, ,..., X,, ,..., Xt;Ii ,..., Xd), so we can 
Put 
cl,...li= \‘ 
t?i 
rl:! . li x, 2 (17) 
t#tl.‘.lj 
where, obviously, the y’s are not uniquely determined. Our aim is to show 
that it is possible to find the y’s so that, if two i tuples differ only in one 
element, say, t, # t,, then: 
yy f,. . li = (- lpy;;?. I,. . . fi’ (18) 
where nrs is 0 or 1, according to whether the two permutations 
It1 ,*-*, t,,..., ti, ts] and [tl,..., t S,..., ti, t,] belong to the same class or to 
different classes. To do that, since our reasoning does not depend on a 
preestablished order of the i tuples [tlr..., ti], we think of these ituples as 
ordered lexicographically. Now, we start choosing the y’s arbitrarily for 
cl...i: 
c ‘= yy;xi+, + * * . + y\d’. .ixd. 1 .I 
Then we go on with c,...~-,~+,; using relation (15) for l,...,i- 1, we see 
that 
so, we can choose y1...i-li+l=-y(1”.~!‘i-li, because c,...i-li+l- 
YI” ...ieli+rXiE (Xi+z,*.*,Xd)* Working with Cl...i-li+*,...,Cl...i-ld in the 
same way we obtain y”‘. .= - -Y:‘.‘..~-~~, for i+ 1 <s<d. 
Now, relation (15), khiih’& are dealing with, becomes a similar one in 
481/70/2-I4 
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the remaining y’s, which are those without the index i. Proceeding in the 
same way, we get 
(i+l) y*...i-ls=y::) :- . I-Ii+13 i+2<s<d, 
and so on. 
By this method, it is a straightforward computation to verify (17). So, by 
(16) and (17), we have 
ai+l c 
l<j,<...<ji+,$d 
= 
c Cj,. .j,ej, A ... A eji. 
l<j,<...<ji<d 
Now, from (13) we can conclude ki E flnVd), modulo the boundaries of the 
Koszul complex, and this completes the proof in cases (i) and (iii) of 
Lemma 2.4. 
In case (ii), the s.o.g. of !JJI is {p + 8, x ,,..., x,-,}; so we have two 
possibilities: 
(I) p + d = zi, for some 1 < i < d; let us suppose p + B = z, and 
xi = Zi+ 13 for 1 <i<n- 1; 
(II) p +@=zi, for some d + 1 <i< d; let us suppose p +B =z, 
andxi=zi,for l<i<n-1. 
Using the same terminology as in cases (i) and (iii), we can write 
Cj,. .ji = uj,. . .j,(P + @jh + ‘j,. . .ji> (19) 
where Uj, . . ,ji is either zero or an invertible of D and cj,. . .ji E (X, ,..., X,- ,). 
So, in case (I) we can suppose, just as in (i) and (iii), that cj,. . .ji does not 
contain any among the variables Xd+i,..., X,-,, and, by the same 
computations as before, we get 
clil . . .ji-,(P + a)h + (-l)""cj,. . .j.. .ji-,xs 
l<s<d 
s+j,. . .ii-, 
+ x aj,...ji_,,x,EIE(Xd+,,...,X,-,), 
s>d 
which implies 
cUl - 0, * * .j,-, - 
,Z<, (-l)“scj ,.‘. s...j,-,xs=o, l <jl < *** <ji- l Ed. 
s+ih..../i-1 
Now, we go on as in cases (i) and (iii). 
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In case (II), we need only remark that, in (19), we can drop 
uj, . . Jp + 8)“; then we can conclude as in (i) and (iii). 
Remark 3.2. In the special case in which A is a complete intersection 
ring, that is, A = S/1, where (S, !R) is a regular local ring and I= 
(f, ,..., f,J E S2, the statement of Theorem 3.1 follows easily from the charac- 
terization of complete intersection rings given by s*(A) = 0 (cf. [ 1, 
Theorem 2.71. In fact, such a characterization says that, if IK = 
IK(z , ,..., zn; A), for some minimal basis {z ,,..., z,,} of I17, and fi = Cy=, aijzj 
(j= l,..., h), then lK(u,,..., u,; au,. =A) is a free resolution of K = A/VII, 
where x = Cj”=, aijej E IK, . So, we have 
+ “ ai(lKi-zs)Us + 2 (IKi-2,) aiu,; 
s.t s,t 
then we can use induction on i. 
THEOREM 3.3. Let (A, YR, K) be (Rd,), for some m, 2 < m &d + 1, with 
respect to a s.o.g. of Y.Jl. Then it is (Rid), with respect to the same s.o.g., for 
every jE IN+. 
ProoJ Because of Theorem 3.1, it sufficies to show that A is (R:) with 
respect to the same s.o.g. Let T= (zl ,..., zd ,..., z,+~}, where n = emb. dim A, 
be the s.o.g. we are considering. In the resolution (*) of n. 1, with n replaced 
by n + h, let us consider a basis of H,(iP); say, c = JJ:z: alel the lifting in 
P, of an element of such a basis and u the killer of c in F,. Then, the 
elements cJ!F’ = zj,u - ei, A c = a(e,, A u), j, = l,..., n + h, are in syz:(K), 
while uI:’ = ej, A u E F,. With the same kind of reasoning, we see that 
c!3! = z. u!3) 
J1J2 II JI 
- e. d2) = a(e,, A uf’) E syz:(K), Jz II 
u !~ !  = e. A u!~) E F 
5152 J2 JI 4 (j, = l,..., j, ,..., n + h), 
and so on, until we get 
where 
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Now, our hypothesis that A is (Ri) says that 
=a 
( 
2 b,,. . .r,er, A .a. A erm + v, 
) 
where w E -r”,“~~i. 
I<r,<’ * - <r,<n+h 
(20) 
Obviously, relation (20) still holds if c is replaced by any element of 
SYd m 
First of all, we remark that {zr . a. zd} is a subset of any m.s.o.g. of 9Jl, 
contained in T. In fact, following, step by step, the reasonings and relations 
of the proof of Proposition 2.3, we can take, in (20) c = e, - CL, a,e,, 
(i < d), and get, by choosing ejh # ei (h = l,..., m - 2), 
ej,-, A ... A ej, A e, - C a,ejm_, A ... A e,i, A ej, 
i&d 
which is impossible, just as in the proof of Proposition 2.3. 
Now we repeat, with small changes, the computations of Theorem 2.5. 
There, we set A = S/I, according to Lemma 2.4, and showed that condition 
(R;) implies I to be contained in a prime ideal P, htP = n - d, generated by 
a r.s.o.p. of S (cf. relations (9) and (12)). Moreover, Proposition 2.6 says 
that such a condition implies (Ri). So, our aim is to prove that relations (9) 
and (12) follow from (20). 
Following the proof of Theorem 2.5, we can take, in (20), c = x1= r Jiei, 
so that relation (3) is replaced by 
5 $.,e, A e,, A *.* A et,-2 
i=l 
=C3 c cjo...,,, eh, A a.. A eh, + v7 
I<h,< . . . <h,<n 
~IE~$‘L~,)‘, for any t=(t, ,..., tmp2), l<t, <... <t,,_,<d. (3’) 
This implies 
& = -x cjiiz, + x cl,‘,’ z, + bji, (4’) 
r s 
where i & t, r and s together span l,..., n, giving rise respectively to a - sign 
and to a + sign in the derivation, and bji = 0 for i <d. 
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From this we go on, just as in Theorem 2.5, getting 
Fj, = 2 &zi = 0. 
iec 
As this relation holds for every choice of t, ,..., t,-, among l,..., d, it is 
easy to see that Fj = C:=, fjizi = 0. Now, we proceed exactly as in 
Theorem 2.5, getting relations (9) and (12), that imply (R;). 
Since Theorem 3.4 shows that property (Ry) does not depend on the index 
i, for 2 < i < d + 1, we can use simply (P) for it. 
4 
In this section we show, by a direct computation, that if (A, 9X, K) is (Rd), 
d = dim A, with respect to a s.o.g. of 9Jl, then A verifies Hochster’s canonical 
element conjecture. Such a result can be obtained, more quickly, using 
Corollary 2.12, as it is well known (cf. [6, Corollary 2.41) that a ring, whose 
quotient with respect to a minimal prime is regular, satisfies this conjecture. 
However, we want to prove directly that such an A satisfies the canonical 
element conjecture, just to show how such a condition on the syzygies can be 
used in dealing with this kind of probiems. 
For more details on the different quivalent forms of the canonical element 
conjecture, see [5, 61. We repeat only the version that we will use here. 
Canonical Element Conjecture. Let (A, W, K) be a local ring with 
dim A = d, and z = {z r ,..., zd} a s.o.p. Let us consider a free resolution of K, 
PA(K), and the Koszui complex with respect to z, IK(z; A). Let 
p: IK(z;A)+ iPA 
be a complex map, lifting the natural map A/(z)A -+ K and let 8: 
IK,(z; A) --) syzi(K) be the induced map. 
The canonical element conjecture states that for every (or equivalently: for 
some) s.0.p. z = {z ,,..., zd}, for every (or equivalently: for some) free 
resolution of K, for every (or equivalently: for some) lifting of the natural 
map: A/(z),4 -+ K, 
I 
Zl . . . z;@(l) E/ (z;“,..., z? ‘) syz,d(K), for every t > 0. 
Before describing our special case, it is worthwhile to make some remarks. 
Let us consider, as above, PA(K) to be a free resolution of K, which 
contains as a direct summand the Koszul complex with respect to a set of 
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generators of the maxima1 ideal, containing a s.o.p. as a subset, and let us 
denote by IK the Koszul complex with respect t this s.o.p. Let us take {ei}, 
i=l ,..., r, and {fi}, j = l,..., d, to be two free bases for the modules Ipf and 
IK,; we define 
91(J) =ej, for j = l,..., d, 
and then we extend the definition to 9,, i = l,..., d, in a natural way (i.e., by 
preserving the algebra structure on the Koszul complex): 
9i(J;, A ..- Afii)=ej, A--- Aeji, for l<j,<...<ji<d. 
So, the lifting of the natural map A/(z),4 + K, 9 = {rpi} is uniquely deter- 
mined. By this lifting, we deduce 
8(1)=39&A ... A&)=a(e, A... Ae,) 
= iI (-l)‘+‘z,e, A ... AC?, A -a- A ed, 
so that, in the usual terminology, @( 1) E Ad-‘Ad. 
THEOREM 4.1. Let (A, YJI, K) be (Rd) with respect to a s.o.g. of Yll, 
d = dim A; then A veriJies Hochster’s canonical element conjecture. 
Proof. Without any loss of generality, we can suppose A to be complete 
(cf. [6, Corollary 2.41) and (Rd) with respect to a m.s.o.g. of YUI, 
{Z I ,..., zd ,,.., zn}, where {zr ,..., zd] is a s.0.p. (cf. Proposition 2.11). 
Take the lifting 9 to be as above. We want to show that 
I 
Zl . .** . z;@( 1) 4 (z:’ I,..., zy ‘) syz,d(K), for t > 0. (21) 
By the previous remark, b(1) E AdplAd and, since (Rd,) is true, the elements 
in syzi(K), modulo the boundaries of the Koszul complex, belong to 
pt::) @ Fd-, . Therefore, the only components in syz:(K) which could 
supply non-zero components of Ad-‘Ad are the boundaries of the Koszul 
complex. Now, the e, A . .e A e’, A . . . A ed component in zi . . . . . z:@(l) is 
(-1) i+1 t zl. . . . . .;+I. . . . . z;, 
and the analogous component in (zi’ ’ ,..., zy ‘) syzj(K) is of the form 
where tij, b,, EA. 
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If (21) were false, for some t we should have: 
(-1) i+l t z, * a** * z:+i * *a* * z;= c zj+i (GjZi + ,=$+r EjSZS) 
j=l 
for i = l,..., d. 
Now, since A is complete, it is representable as in Lemma 2.4, where 
ii? , ,.**, g,} = {z, ,***, z,,}. So, by lifting in S, we get 
- in cases (i) and (iii) of Lemma 2.4 
(-l)i+lx; . . . . . xi+‘. . . . - xi - 5 ajq+ lxi E z + (X,,, )...) X,), 
j=l 
i = l,..., d. (22) 
- in case (ii) of Lemma 2.4 
ifp+b=zi, i<d, 
(-l)‘&. . . . .q+’ * . . . .Pdel .x’,- 1 ujx;+ lXi E z 
j=l,...,d-l,n 
+ (x,,***, x, - ,), where X,=p+B, i= I,..., d- 1,n; (23) 
if p+8=zi, i>d, 
(-l)‘+‘x; . . . . .q+1 . . . . ’ Td - + uj$+‘xi E z + (X,, 1)...) X,), ,T, 
where X,, = p + b, i = l,..., d. (24) 
But, as we saw during the proof of Theorem 2.5, we have 
- in case (i): Z c (Xd+ 1 ,..., X,,); 
- in case (iii): Z !& (Xd+, ,..., X,-i, p + @ =X”+ 1); 
-in case (ii): ZE(X, ,..., Xn-i), if p+g=Zip i<d, or ZC 
(xd+l,-~x,,-l~ p+B=X,,), ifp+8=zi, i>d. 
Hence, it is a trivial matter to see that (22), (23), (24) cannot hold. 
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